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CHAPTER 1. INTRODUCTION
Stability, Instability and Boundedness

The concept of stability originated in mechanics where
the position of rest of a rigid body is considered stable if
the body returns to its original position after a small
disturbance. This is a qualitative concept and even to-
day the central problem of stability theory is to ascertain
qualitative features of system behavior in the absence of
knowledge of specific system solutions. The meaning of
stability is much broader now and encompasses a broad range
of system behavior. 1In fact, the designer and the analyst
now have ways to study the qualitative behavior of a system
to determine if such behavior is acceptable.

The main theoretical development in stability theory
occurred at the end of the last century in the works of the
Russian scientist Lyapunov. The Diiect (or Second) Method
of Lyapunov has been applied to the study of stability of
certain systems by other Russian authors but for many years
work in this area was confined to Russia. It was not until
after World War II that these ideas spread to the West and
in the last two decades the work done in applying and ad-
vancing the Lyapunov approach to stability theory around the
world has been extensive as the still growing literature in

this field would suggest.



In the Direct Method of Lyapunov, a scalar function
(known as the Lyapunov function) of the system state vari-
ables has to be found. If this function satisfies certain
conditions, the system would behave in a particular manner.
Hence, to show that a system is stable, a Lyapunov function
with a particular set of properties has to be found. A
system is considered stable, in the sense of Lyapunov,
if the system state variables do not move away from the
equilibrium state of the system when it is disturbed. The
method can also determine asymptotic behavior of the system
state trajectories or a limit to the disturbances the system
can withstand. A still different set of properties of the
Lyapunov function can establish instability of the system
which means that the system trajectories move away from the
equilibrium after a small perturbation. Sometimes é system
may have an unstable equilibrium but its state trajectories
may remain within certain bounds. This can also be deter-
mined by Lyapunov's method and such systems are known as
bounded systems. This behavior is, in fact, a kind of
stability and such systems are sometimes called Lagrange
stable.

The Direct Method of Lyapunov was first applied to
systems described by ordinary differential equations. Since
then, it has been applied to systems represented by dif-

ference equations, partial differential equations, integral



equations, functional eguations, stochastic eqﬁations and
combinations of these various types. The expansion of the
theory itself and its successful application to a large class
of systems have made Lyapunov's method a very powerful tool

in the gqualitative study of system behavior.
Large Interconnected Systems

Although the Direct Method of Lyapunov has been used
extensively because of its versatility, there are some draw-
backs in its application. Finding a Lyapunov function to
establish the qualitative behavior of a system may not be
easy since there is no general method known for finding such
a function. Also, in general, the conditions for a particular
type of qualitative behavior are sufficient and not necessary
and so the choice of parameters of a system dictated by a
particular Lyapunov function tend to be conservative. This
means that even if a suitable function is found, there is no way
of knowing how close this function is to the "best" function.

These difficulties get more acute as the systems get
‘larger and more complex. For systems with a small number
of variables, usually a "good" Lyapunov function can be found
through a combination of intuition and trial and error. How-
ever, this becomes very difficult for large systems with many
nonlinear elements. For this reason, it is sometimes advan-

tageous to look at large systems as being composed of several



small subsystems that are interconnected togetﬁer in an ap-
propriate manner. The qualitative behavior of such systems
can often then be studied in terms of the simpler subsystems and
the interconnecting structure. The problems of applying

the Direct Method to large, high-order systems may be cir-
cumvented ihrthis way.

Using a vector Lyapunov function, Bailey [5] established
the first theorems in system stability in terms of its sub-
systems and linear interconnections. Extending this work,
Piontkovskii and Rutkovskaya [19] analyzed the stability of
two classes of composite systems with nonlinear, time-
invariant interconnections. Thompson [22] used a scalar
Lyapunov function to establish conditions for exponential
stability. Araki, Ando and Kondo [3] used a particular
Lyapunov function to obtain stability results for a class of
systems described by difference equations. Michel and Porter
[13] generalized this approach to systems with nonlinear,
time-varying interconnections described by ordinary -
differential equations or difference equations.

This approach has been expanded to other aspects of
stability analysis and has been applied to other types of
systems. Gruji€ and Siljak [6], [7] using the vector Lyapunov

function, obtained results for asymptotic stability and in-



stability for systems having stable as well as unstable sub-
systems. Porter and Michel [20] studied bounded input bounded
output stability using functional analysis. Michel [14],
[15], and [16], has obtained results for asymptotic stability
and has analyzed several classes of systems including sto-
chastic systems and systems described by functional dif-
ferential equations.

In this dissertation, the stability of a class of sys-
tems is analyzed using this approach and utilizing the fre-
quency-domain Popov criterion. Also, new theorems are stated
and proved for boundedness and instability of composite systems
using a Lyapunov function that is a weighted sum of the
Lyapunov functions of the subsystems. Finally, the conditions
for the stability of.a composite system that is made up of
some stable and some unstable subsystems are established.

This theorem suggests a method of compensation to make
composite systems stable. Applications for all the results

are provided by utilizing a variety of systems.
The Popov Criterion

A little over a decade ago, the Rumanian scientist Popov
established a frequency domain criterion for the stability

of a class of systems known as regulator systems charac-

terized by a linear transfer function and a nonlinear element

in cascade. Although Luré had already discovered a type of



Lyapunov function to analyze the stability of such systems,
the Popov criterion had the obvious advantage of having a
simple geometric interpretation. The Popov criterion for
stability was a geometric criterion in the freguency domain
whereas the function of Luré had to satisfy the algebraic
conditions of Lyapunov in the time domain. Yakubovich [24]
and Kalman [11] soon showed that the Popov criterion and the
Lyapunov function of Luré were equivalent and outlined a
meﬁhod to construct the Lyapunov function from the geometry
of the Popov criterion.

Several authors [2], [9]1, [10], [17] and [18], then tried
to extend this work to systems with multiple nonlinearities
and established what may be called the multi-dimensional
Popov criterion. However, this lacks the simple geometric
interpretation and depends on finding a matrix that will
satisfy certain conditions. The method has some of the
same disadvantages as that of finding a Lyapunov function.

In this dissertation, a class of systems with multiple
nonlinearities, that can be decomposed into subsystems having
a single nonlinear element in tandem with a linear transfer
function, is analyzed using the simple Popov criterion.

Using the approach for interconnected systems, the geometric
frequency-domain criterion is used to determine the stability
of the subsystems. The Kalman-Yakubovich lemma provides the

Lyapunov function for the subsystems and from these functions



and the nature of the interconnections, the stability of the
composite system is determined in the usual manner. The ad-
vantage of using the simpler geometric formulation is obvious
and in many cases, depending on the structure of the system,
the results obtained should be better than from the previous

methods.

Compensation

The main advantage in the interconnected systems approach
is that the final result depends on a symmetric square matrix
whose dimensions are the same as the number of subsystems; In
other approaches the methods used are equivalent to dealing
with a matrix of the same order as the systems themselves. How-
ever, it should be noted here that certain "measures" of the
subsystems and interconnections are represented by scalars to
form the smaller matrix and a degree of conservatism in the
results has to be expected, depending on the structure of the
system. Of course, this is the main disadvantage of this
approach.

Usually the ultimate result (stability, instability or
boundedness) depends on the definiteness of this matrix.

Since the condition is sufficient, no conclusion can be
reached when the condition is not satisfied. However, the
structure of the matrix itself may suggest changes in the

matrix and corresponding changes in the subsystems that will



satisfy the stability condition. 1In this dissertation, a
method is developed by which a negative feedback may be added

to certain subsystems to make the composite system stable.

Outline

In Chapter 2 the necessary nomenclature used in the rest
of the dissertation is established. Some prior results in
the theory of interconnected systems are discussed in Chapter
3. In Chapter 4 the method of analysis for a class of systems
using the Popov criterion and the interconnected systems ap-
proach is presented. The method is compared to other avail-
able methods and some examples are provided. In Chapter 5
some theorems on instability and boundedness of intercon-
nected systems are stated, proved and illustrated with
examples. The method for compensation is developed in
Chapter 6 and applied in two examples. The conclusion and
suggestions for further work are provided by Cﬂapter 7. A
detailed proof of the Kalman-Yakubovich Lemma and the
equivalence of the Popov criterion and the Lyapunbv function
of Luré for regulator systems are included in the Appendix.
The algorithm to construct the Lyapunov function from the

Popov condition is clearly outlined.



CHAPTER 2. NOTATION

The symbol j is used for /-1, s is used for the Laplace
transform operator and w is used for frequency. The modulus
of a complex or a real number a is denoted by |a].
The symbol ¢ denotes set membership and C denotes set inclusion.

RP denotes an n-dimensional Euclidean space and the

vector xeR™ is written x = col[xl,_,"xn]. The transpose of x
is x' = [%;,...,x,] and the Euclidean norm of x is x| =
'x12+...+xn2. The set J = [to,w), toio and the set I denotes

the sequence {to+k}, k=20,1,2,.... The notation f: X-Y
refers to the mapping f from the set X into the set Y. The
cartesian product of two sets X and Y is written as XxY =
{(x,y): xeX and yeY}.

For a matrix A = (aij), the transpose is denoted by A',
the conjugate by A and the conjugate-transpose by A*. A>0
indicates aijio for each pair (i,j). For a square matrix B,
the determinant is denoted by |B| and the inverse by L.
The eiganvalues are written as A(B). If all the eigenvalues
are real, then the largest and the smallest eigenvalues are

denoted by A (B) and An;

ln(B), respectively. The symbol

max

I is used for the identity matrix.
If B is also symmetric, it is positive definite if
x'Bx > 0 for all xeR" and positive semidefinite if

x'Bx > 0 for all xeR". B is negative definite (semidefinite)
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if x'Bx < 0 (x'Bx < 0) for all xeR".
The norm of a rectangular matrix A induced by the

Euclidean norm is given as

|1a]|= minfa: a|x| > |Ax], xeR1} = /kmaxkiiiy
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CHAPTER 3. PREVIOUS RESULTS

The main objective of this chapter is to provide the
necessary background material for this dissertation. Since
the volume of work in the Lyapunov theory is enormous, only the
very basic essentials areoutlined here. An indication of
previous work concerned with the stability analysis of
composite systems is presented to show that the results in
this dissertation were obtained in a similar manner. Finally,
the well-known Popov criterion for absolute stability and
its connection to Lyapunov theory is included because it is

the main tool used to obtain the results in Chapter 4.
Lyapunov Theory

Systems are considered which may be described by ordi-

nary differential equations of the form

%X = g(x,t) ‘ (3.1)

where

dx n n
X=EE and g:R xJ > R'.

Definition 3.1: A function g:RnxJ > R® is said to be-

long to class E if (i) for every xoeRn and for every toio,

Equation (3.1) possesses one and only one soluticn x(t; x _,

(o]

to) for all ted, where X, = x(to; xo,to); and, (ii)
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g(x,t)=0 for all tedJ if and only if x=0 (x=0 is called the

equilibrium of (3.1)).

Definition 3.2: The equilibrium x=0 of (3.1) is stable

if for every €>0 there exists a §=8(g, to) > 0 such that
n . .
for all x_eR", t_>0, |x0|<6 implies |x(t; xo,to)|<€ for all

ted. The equilibrium is uniformly stable if the above § is

independent of toe

Definition 3.3: The equilibrium x=0 of (3.1) is

asymptotically stable in the whole if for every €>0 there

exists a 6=6 (g, to) > 0 such that for all xoeRn; t;20, ]xo[<6

implies |x(t; x_, to)|<e for all teJ, and if for each xoeRn,

o)
lim

P~ Ix(t; x

o to)] = 0. The equilibrium is uniformly

asymptotically stable in the whole if the above ¢§ is inde-

pendent of to.

Definition 3.4: The equilibrium x=0 of (3.1) is uniformly

exponentially stable in the whole if there exists a>0 and

-a(t-to)

>0 such that |x(t; x_, t ) ]<8| le for all x_eR"

and teJ, where o,R depend on Xoe

Definition 3.5: The equilibrium x=0 of (3.1) is un-

stable if it is not stable.
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Definition 3.6: The solutions of (3.1) are uniformly

bounded if for every a>0 there exists a B=f(a) > 0 such that

for all xoeRn, £ 20, lxol<a implies |x(t; x to)|<8 for all

o’
ted.

Results which yield conditions for stability in the
sense of the above definitions involve the existence of

mappings V: R™xJ +-Rl. Henceforth it is assumed that these

mappings are continuous and continuously differentiable

on R?xJ. The total derivative of V with respect to time

along solutions of (3.1) is given by

aV(x,t)

DV(3.1) = WhE.Bglx,8) + ==

where VV(x,t) denotes the gradient vector of the scalar

function V.

Definition 3.7: A real-valued function ¢(r) is said

to belong to class K if it is defined,; continuous and

strictly increasing over 0<r<« and if it vanishes at r=0.

Definition 3.8: A function V(x,t) is said to be

positive definite over R™J if there exists a ¢ (r)eK such

that V(x,t) > ¢([x|) for all teJ and for all xeR™. 1If, in

addition, %ig ¢(r) = », V(x,t) is said to be radially un-

bounded. V(x,t) is said to be negative definite over RP'xJ

if -V(x,t) is positive definite over R™xJ.
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The next results yield sufficient conditions for stability

in the sense of the above definitions (see, e.qg., [8], [25]).

Theorem 3.1: The equilibrium x=0 of (3.1) is uniformly
asymptotically stable in the whole if there exist a function
n .
V:R XJ+R1, two radially unbounded functions ¢l' ¢2€K and a

function ¢3€K such that the conditions

(1) ¢ Ux]) 2 Vvix,8) < ¢, (Ix])

(ii) DV —o4 (x|

|A

(3.1)

hold for all xeRn and for all tedJd.

Theorem 3.2:

The equilibrium x=0 of (3.1) is uniformly
exponentially stable in the whole if there exist a function

n 1 s
V:R"xJ*R” and three positive constants cl,cz,c3 such that

the conditions

(i) cllxl2 < V(x,t) < c?_lxl2

. 2
(11) DV (3 1) £ -o5lx]

hold for all xeRn and for all ted.

Theorem 3.3: The eguilibrium x=0 of (3.1) is unstable

if there exists a function V:RnxJ->Rl with the following
properties.
(i) For each £>0 and teJ there exist points x such

that V(X,t) < 0 and |X|<e. The "domain V<0" is the set of all
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points (x,t) such that |x|<hand V(x,t)<0 and is bounded by
the hypersurfaces |x|= h and V=0, where h is a constant.
(ii) In at least one of the component domains of the

domain V<0, V is bounded from below and DV <-¢(V), ¢ekK.

(3.1)
Theorem 3.4: The solutions of (3.1) are uniformly

bounded if there exist a function V:RnxJ-*R'l and two radially

unbounded functions ¢1, $,eK such that the conditions

(1) ¢, (|x]) < V(x,t) < ¢o,(]x])

(ii) DV 5 4y < O

hold for all teJ and |x|>R, where R is a constant.
Analogous definitions and theorems exist for systems

described by difference equations of the form

x(t+l) = glx(t), 1], geE (3.2)
where

g=Ran+Rn and geE is defined as before.

Conditions for the étability of (3.2) involve the
existence of mappings v:R%x1+R1. Similar theorems for
stability, instability and boundedness exist for system
(3.2). The conditions are analogous except that teJ is re-

placed by 1eI and the total derivative is replaced by the

first difference AV along solutions of (3.2), expressed by

AV (3 5y = VIgix, 1), T+1] = V(x,1).
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Interconnected Systems

The results stated in the last section have been used
extensively in the stability analysis of systems. However,
they are severely limited in usefulness when applied to
problems of high dimensions. For this reason it may be use-
ful to view high-order systems as being composed of several
lower-order (and hopefully simpler) subsystems which when
interconnected in an appropriate fashion, yield the original
higher order composite system. Using this approach, high-
order composite systems can often then be analyzed in terms of
their lower-order subsystems and in terms of their intercon-
necting structure.

In this dissertation, the systems considered are composite

systems (or interconnected systems) which are defined as an

interconnection of m subsystems (or transfer systems). The

ith subsystem may be represented in a very general manner

by the set of equations

Ne
]

£.(z,,t) + 2, (u,,t)
i't7i i'7i (3.3)

il

yi hi(ziluilt)

where zi:is an n,-vector, ui.is a p;-vector, pifpi, and Y5 is a
n, n. P.

n.
qi-vector and where fi:R 1xJ+R l, zi:R 1xJ-R 1,
n, p. q.

hi:R 1R 'xJ+R t. Equations (3.3) describe the input output
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characteristics of the ith subsystem S;, where u; is

interpreted as the input and y; as the output.

The m subsystems may be interconnected in a very general

manner to form the composite system S according to the set

of equations

ui = gi(Yl"'"’ym’uft) ’ i = l’i..’m (3-4)

ot q <
where u is a p-vector and g;:R I...xR ™xRPxJ»R 1. u is the

input to the composite system. The ith subsystem together

with its interconnections is shown in Figure 3.1.

7 %, N z; Y3
25 (o4 t) (5 )t S >1h; (L, t) >
/N\ / N

fi(c 14 t),
Yy
u. ) Y.
1 _ ¢ 1
gi(.. ...... ) == -
\ Y

Figure 3.1. The ith subsystem (3.3) with its interconnections
(3.4)
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A simpler system can be described by chanaing the inter-
connecting equations such that the inputs ui's are a function
of the state variables instead of the output variables. This
simplification does not diminish the generality of the repre-
sentation because when a high-order system represented by
its state equations is decomposed the interconnections are
usually in terms of its state variables. Then the ith

subsystem is represented by the equations

Ne
|

= f£.(z2.,t) + u.
1 1 1 (3.5)

Yi = hi(ziluirt)
and the interconnections are represented by the equations
su,t) ,i=1,...,m (3.6)

n n p
where gj is the new mapping g;:R 1x...xR M rPxJ>R

u. = gi(zl,...,z

1 m

i

This representation is shown in Figure 3.2.

,](b h, (-, t) =——>
1

‘fi(.,t)

e 3N e oI

ol

gi(a-.'.c-’t) ~

Figure 3.2. The ith subsystem (3.5) with interconnections
(3.6)



19

Since the stability analysis of interest here deals with
‘the state trajectories, the output equations become un-
necessary. (However, when input-output stability is studied
[20] the output functions are of extreme importance.)
The most common system that has been studied has the ith

subsystem represented by

zi = fi(zi,t) + u; ' (3.7)

and the interconnections represented by
m
u, = jElgij(zj,t) + gio(u) i=1,...,m (3.8)
where
fi,gijeE for i=1,...,m j=20,1,...,m.
Since the stability of interest is of the unforced
system, that is, u=0, Equation (3.8) is usually written
m
u; = .E gij(zj’t)’ i=1,...,m (3.9)
j=1
Since the term g,;(z;,t) may be considered a part of the ith
subsystem instead of an interconnection and included in
fi(zi,t), the Equation (3.9) is sometimes written
m
u. = .il gij(zj,t)’ i = l,...,m (3.10)
J
J#L

FPigure (3.3) shows such an interconnected system.
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M
N1

Ne
e
&//
N
"

<

‘fi(-rt) ~

‘gil("t

gim(' It'

Figure 3.3. The ith subsystem (3.7) with interconnections
(3.10)

If the interconnections are linear and time-invariant,
Equation (3.10) may be written

m
ui = .E Ciij 1l = l,...,m (3-11)
j=1
j#L
where C.. is an n.xn. constant matrix.
, ij i3

The system with the ith subsystem (3.7) and inter-

connections (3.10) may be written
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m
z, = fi(zi,t) + jzl gij(zj,t), i=1,...,m (3.12)
j#i
Letting x' = [zi...zé], f(x,t)' = (fl(zl,t)',...,fm(zm,t)') and
m m
g(x:t)' = ([E glj(zjlt)]'l°°'l [-E gmj(zjrt)]')r SYStem (3-12)
j=1 j=1
may be written as
X = £(x,t) + g(x,t) = h(x,t), heE (3.13)

n n .
where h:R"xJ~+R , £:R xJ+Rn, g:RnxJ+Rn. The system is then

referred to as the composite system (3.13) with decomposition

(3.12).
The system with linear time-invariant interconnections
is referred to as the composite system

X = f(x,t) + Cx = h(x,t), heE, (3.14)

with decomposition

.’t) + .z C--Z.’ i=l;o-o’m (3015)

where h:RnxJ»Rn, C is an nxn matrix and Cij is a nixnj matrix,
the i, jth partition of C.
The system described by the equation

ii = fi(zi’t)’ fieE (3.16)

is known as the ith isolated subsystem of the composite

system (3.12) or (3.14).

The next results yield sufficient conditions for

stability of the above systems.
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Theorem 3.5: (Bailey [5]) Assume that for each isolated

subsystem (3.16) of composite system (3.14) there is a func-
tion Vi(zi,t) satisfying the conditions of Theorem 3.2 for
positive constants Ci17 Ci2 and Ci3 and that there is a

fourth positive constant c,, such that IVVi(zi,t)|§¢i4|zi|

n.
for all teJ and for all z,eR 1. Consider the mth order linear
system

r = Ar

where

A = (aij) is an mxm matrix with elements
r
- 213 ., if i=j

Ci2
5, M
C;a 'El ]]Cijll
2i5 = J , if i#j and cij#o
2¢13%41

. 0, if i#j and cij=0

The equilibrium x=0 of composite system (3.14) is uniformly
exponentially stable in the whole if the linear system © =
Ar is asymptotically stable in the whole.

It should be remarked that the linear system f=Ar is
uniformly asymptotically stable in the whole if and only if
all the eigenvalues of A have negative real parts. In the proof

of Theorem 3.5 a vector Lyapunov function V with components
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Vi(zi’t) is constructed and the vector inequality \ < AV

is used.

Theorem 3.6: (Michel [14]) The equilibrium x=0 of

composite system (3.13) with decomposition (3.12) is uniform-
ly exponentially stable in the whole if the following
conditions are satisfied:

(i) each isolated subsystem (3.16) satisfies the
conditions of Theorem 3.2 for positive constants Ci1r C42

and c;5 and there exists a fourth positive constant c;,
n.

-

such that lVVi(zi,t)]§¢i4|zil for all teJ and for all zieRu*;‘
(ii) for each i,j =1,...,m, i#¥j, there exists a
constant kijn?UCh that |gij(zj,t)|§kij|zj] for all teJ and
for all zjeR J;‘and
(iii) there exists an m-vector a'=[al,...,am] with

ai>0, i=1,...,m, such that the matrix S = (Sij) defined by

—0,Cs3y if i=y

i3 T 1 e
-2-(0Licl4kij + ajcj4kjl)’ if l#j

is negative definite.
In the proof of this theorem a scalar Lyapunov function
v= I a.V.(z,,t)
i=1 Tt 7

is used. The theorem can be applied to composite system
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(3.14) with decomposition (3.15) by ignoring condition (ii)
and using !Icij]] instead of kij for i,j = 1,...,m, i#j.
This result was shown to be better than that obtained in

Theorem 3.5.

Theorem 3.7: (Michel [14]) The equilibrium x=0 of

composite system (3.13) with decomposition

éi = fi(zi,t) + gi(zl,...,zm,t) i=1,...,m (3.17)

is asymptotically stable in the whole if the following
conditions are satisfied:

(i) each isolated subsystem (3.16) satisfies the
conditions of Theorem 3.1 for functions ¢il’ ¢i2 and ¢i3;

(ii) for each scalar product VVi(zi,t)'gi(zl,...,zm,t),

i=1,...,m, an inequality of the form

Vvi(zi;t) 'gi(er---:Zm:t)

m
< 165501z, 112 .zlaij(x’t)[¢j3(|zjl)]l/2
J:

n.
n i - .
can be found for all zieR 1, zjeR J, iyj=1,...,m and for all
xeRn, ted; and
(1iii) there exists an m-vector a' = [al,...,am], ai>0,

i=1,...,m, and >0 such that for each xeR® and each ted, .

the matrix (S+ecl) is negative definite, where S = (Sij) is

defined by
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C + aiaii(x,t), if i=j

S.. = 1 . c .
ij —2-[0tiaij (x,t) + ajajz(x.t)], if  i#j

The above theorems make up a small sample of the re-
sults obtained by many authors in the stability analysis of
interconnected systems. Results on exponential stability are
also obtained by Thompson [22] and on asymptotic stability
and instability by Grujié and Siljak [7].

Similar results have been established for systems
described by difference Equations [3], [6], [14] and also
for systems described by functional differential Equa-
tions [l14]. More recently, this work has been extended to
stochastic systems [16] and to the analysis of bounded-input
bounded~-output stability [20].

Although none of these results are directly used in
this dissertation, a sampling of these results are included
here because this same general philosophy of interconnected
systems is utilized throughout. The similarities in approach

among these results and the results obtained in this disserta-

tion are obvious.
The Popov Criterion

Systems are considered which may be described by

equations of the form
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AX - b¢ (o)

Do
il

(3.18)
o =c¢c'x
where X is an n-dimensional state vector, A is an nxn constant
matrix, b and ¢ are n-dimensional constant vectors, ¢ is a
scalar variable and ¢ (o) is an arbitrary, single-valued,

piecewise continuous real function, defined for all values of

o and for a constant k, satisfying the conditions

$(0) = 0 and O <.¢é0) < k, o #0.

The pairs (A,b) and (A',c) are completely controllable. 2ll the

eigenvalues of A have negative real parts. This is known as

the principal case of regulator systems [1] or the direct

control problem [12].
If A is critical instead of stable such that it has a
zero root and the rest of the roots are in the left half of

the complex plane, system (3.18) may be described by

¥ = By - bo(0)
5 (3.19)
c'y - Y9 (o)

Qe
Il

where y is an (n-1l)-vector (see [1]). This system is known

as a particular case of regulator systems or the indirect

control problem.
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Definition 3.9: The system described by (3.18) or (3.19)

is called absolutely stable in the sector (0, k) if the

equilibrium is asymptotically stable in the whole and inde-
pendent of the particular choice of the nonlinear function ¢

as long as this function satisfies the sector condition
0 <29 <k, 5 #o0.
To determine the absoluter stability of system (3.18)

Luré proposed the following Lyapunov function:

o}
V =x"Px + BJ ¢ (n)dn (3.20)
0

where P is an nxn symmetric matrix and B is a scalar. Then
1 2
DV(3.18) = x'[A'P+PAlx - 2¢[Pb- EBA'c]'x - Bc'bo”.
Adding and subtracting ¢ (o-~ %)¢ where § is a scalar, and let-

ting &= %BA'C + %GC,

T = ﬁc'b + %
and

-0 = A'P + PA,

— e 'O% - “2)'x - Td2 — - ¢
DV(3.18) = =-x'0Ox 2¢ (Pb-2) 'x T¢ (o k) . (3.21)
Then, for system (3.18) to be asymptotically stable in the
whole, P and Q haveto be positive definite, B8>0,8>0 and
T >[Pb-21'Q L (Pb-2].
Popov established a result using the frequency domain to

determine absolute stability:
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Theorem 3.8: System (3.18) is absolutely stable in the

sector (0, k) if there exists a finite real number q such

that "‘for all w> 0

Re (1+jwq) G (jw) + % >0

1

where G(jw) = c' (jwI-A) ~b, the frequency response of the

linear part.

If a modified frequency response G*(w) is defined as
G* (w) = ReG(jw) + jwImG(jw) = X+3j¥Y
then the condition for absolute stability becomes

X-qY + 1

x>0 for all w> 0.

Hence, the Popov criterion for the absolute stability in the

sector (0, k) of system (3.18) is that the modified frequency
response G?*(w) lies strictly to the right of a straight line
passing through the point (- %, 0) in the G* (w) plane. This

line has a slope 1/q and is known as the Popov line (see

Figure 3.4).

This geometric criterion is a more powerful tool in
determining stability than the Lyapunov method proposed by
Luré because of its inherent simplicity. Although one
method is simpler to use than the other, Kalman [11l] and

Yakubovich [24] showed that they are theoretically egquivalent:
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wImG(jw) wImG (jw)

Q|-
g\\\
*
~~
g

(a) (b)

Figure 3.4. The modified frequency response showing (a) a
stable case and (b) an unstable case

Theorem 3.9: For system (3.18) the Lyapunov function

(3.20) is positive definite and radially unbounded and its

derivative (3.21) is negative definite if and only if

% + Re{(6+jw8)c'(ij-A)-1b} > 0 for all w> 0

together with (i) ¢8>0, 8>0 and (ii) Bc'b + % >0 or
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Bc'b + 2 = 0, Pb - zBA'c - 35c = 0.

The proof of this theorem is included in the Appendix.
The main step in this proof is a lemma known as the Kalman-
Yakubovich Lemma. A method to construct a Lyapunov function
of the form (3.20) from the Popov line is outlined in the
proof of this lemma.

The system described by (3.18) has one nonlinearity.
Many authors [2], [91, [10], [17], [18] established results

analogous to the Popov theorem for systems with multiple non-

linearities. Such a system may be described by the eguations

X Ax - B¢ (o)

(3.22)
0 = Hx

where A is an nxn stable matrix, B is an nxm matrix and H is
. . m .
an mxn matrix, ¢ is an m-vector and ¢:Rm+R . Certain authors

[10], [17]1, [18] have considered ¢(o)‘=[¢l(ol),...,¢m(0m)]
where ¢i:Rl+R1 with the sector conditions.

0 < ¢,(03)0; < k0,2 0 < k.,

i%i ;2 1=1,...m (3.23)

whereas Anderson [2] has used a more general form.

Theorem 3.10: (Narendra and Neuman [18]) System (3.22)

with conditions (3.23) is absolutely stable if there exist

diagonal matrices a>0, 8>0, a+f>0 such that

(i) [ak t+guB+K la+B'H'B] > 0, and
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(ii) [o+Bs] [W(s)+K 11 > 0 for all s,

where K is a diagonal matrix with diagonal elements k; and
W(s) = H' (sI-A) IB.

Condition (ii) in this theorem is the muitidimensional
Popov criterion, which does not have a simple geometric
interpretation. Like the Lyapunov method, this reduces to the
finding of matrices that satisfy certain algebraic condi-
tions. The advantage is that the matrices are of the same
order as the number'of nonlinearities which is usually less
than the order of the system but the complexity of the method

depends on the order of the transfer functions that are the

elements of W(s).
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CHAPTER 4. STABILITY FOR A CLASS OF SYSTEMS

In this chapter, a set of sufficient conditions for
absolute stability of a class of_systems with multiple non-
linearities are established. Thé procedure used is the
same as that for interconnected systems outlined in the
previous chapter. However, the class of systems discussed
here can be decomposed in such a way that the stability of
each isolated subsystem can be determined by using the simple
Popov criterion. Hence, Lyapunov functions for the isolated
subsystems can be constructed by using the Kalman-Yakubovich
Lemma. The advantage in this method over the multi-
dimensional Popov criterion in determining absolute stability
is the usage of the simple Popov criterion which has a two-

dimensional geometric interpretation in the frequency domain.
System Configuration

Consider the system described by the following equations

2; = A;2;-b;¢,(0;) 1
y; = c:'i_zi ieM = {1,2,...,m} (4.1)
m
. =dly= Z 4,.y. J
i i j=1 1373

where z; is an ni-dimensional state vector, Ai is an n,xn;

constant matrix, bi and c; are ni-dimensional constant vectors,

d; is an m-dimensional constant vector, y; and o; are scalars
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and ¢i:Rl+R1. In addition, A,

i is a stable matrix, that is,

all its eigenvalues have negative real parts, and ¢i(oi) is

a piecewise continuous function of o such that

¢, (0,)
and 0 < ——EI_— < ki’ oi#o, where kj is a constant.
A portion of the block diagram of this system is shown

in Figure 4.1. The purpose of the figure is to show one

isolated subsystem with its interconnections.

Y3
=
Yy
?m
e_

Figure 4.1. The ith subsystem and its interconnections of
system (4.1)
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The ith isolated subsystem can be written as

2, = Ajz; - by¢;(0;)

(4.2)

g, = d.. clz.
i ii Ti%i

This is the familiar system that Lefschetz [12] calls the
direct control problem and Aizerman and Gantmacher [1] call the
principal case of regulator systems. This system can be
represented by a simple nonlinearity ¢i(0i) and a linear

transfer function G;(s) with a negative feedback where

Gi(s) = d..cl

Figure 4.2 shows the isolated subsystem in this form with
its interconnections. This figure is equivalent to Figure
4.1 but it shows more clearly that a combination of these
isolated subsystems can be interconnected to form a large
class of systems with multiple nonlinearities. Conversely,
a large class of nonlinear systems can be decomposed into
this type of subsystems and interconnections.

A very similar system can be described where the iso-
lated subsystem represents the indirect control problem or a
particular case of regulator systems. The system can be

written as
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V

°i | G;(s) | i
¢, ) - F

Y
dil <__l;___
13}m
d..
11 o
Ym
d.
im

Figure 4.2. The ith subsystem in its transfer-function form
of system (4.1)

EN

Y3 = ciz; - v;0;(05) \ ieM = {1,2,...,m} (4.3)
, m
§. =dly = T d4d,.yY.
1 1 4j=1 1373 ]

where all the symbols are the same as before and Y3 is a
positive constant. The isolated subsystem is

2. = Aizi - bi¢i(0i)

N (4.4)

- 1, -
63 = d350c325-v;36;(04)]
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As discussed in the previoﬁs chapter, an isolated subsystem
like this is equivalent to subsystem (4.2) with Ai critical
instead of stable such ‘that all the eigenvalues of Ai in
(4.2) have negative real parts except one which is zero.

Subsystem (4.4) with its interconnections is shown in

Figure 4.3.

Pl by c§
) Ys
O3
¥y
dll S .
Y -
a.. et
11 -
P ym
dim S

Figure 4.3. The ith subsystem and its interconnections of
system (4.3)
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The system configurations considered here are all
described by equations that are continuous in time. The
rest of this chapter is devoted to finding stability results
for these types of systems. However, analogous results can
be obtained for the systems of the same nature described
by difference equations instead of differential equations.
The discrete analog of the direct control problem is repre-

sented by

x(t+l) = Ax(T) - b¢ (o (7))
og(t) = c'x (1)
where tel and the rest of the symbols are defined as before.

The similarity with the continuous problem is obvious.
Stability Results

Consider the system (4.1) with isolated subsystems
discussed by (4.2). Following Luré, the Lyapunov function

for each subsystem may be chosen as

g
a— ]
V; = ZiP;z; + Bijo ¢, (n)dn

where P; is a positive definite symmetric matrix and B; is a
positive constant.

Then the Lyapurov function for the whole system is
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m
VvV = iilaivi
m . m Ui
B L L L R [o ¢; (n)dn

where Qe 0 are positive constants. Then

m m
- Tyt ' -
X ai(Aizi bi¢i) Pizi + I a.z.P.(Aizi bi¢i)

DV =

m m

+ I a.B:¢. Z d..c!(A.z.-b.¢.)
j=1 T 172 j=1 17333 373

m : m

v v - ! .

m m

+ I a.B.¢. I d,.clA.z.
j=1 + 11 3= 333

m

m
- I a.B.¢. I d..c'b.d.
i=1 131¢1 j=1 ij’j j¢J

Adding and subtracting the nonnegative quantity
m b

i .
iilai(oi EI)¢i to DV(4.1) one obtains



m m
\' =" a.2! (A P. +P A )z -2 I a. b P.z.¢.
(4.1) j=1 i%i 5=1 iti®ivi
m m m m
+ Z a.3.¢a Z a4a.: - 2z oy B ¢ Z d;z:clb.
j=1 +' 1 j=1 ij J J J i=1 j=1 137373
m m m ¢.2
+ Za,¢. Z d..clz. - ZaifL
i=1t 1= 33T =i tRy
m .
- T a.(0.- )¢,
ji=1 1 i
r { b le'
= ] v o} | .
[Zl...zm l ¢l o-¢m] Q l S :
__1__I®’m
! ¢
s rlj:l
| .
L ! J Ltbm.
m ¢
- 2 a (c - ——)¢
i=1l 1
m m
where Q is an I n. x I n. matrix of the form
P | Pt 1
i=1 i=l
r y
-alQl 0]
) where each Qi is an n,xn; matrix and
0 —aqu-
] : . m L R h £
Qi__ -(AiPi+PiAi), S is an: ¥ n, xm matxlx of the form

i=1l

39
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11 °°° "1im

where each si-

3 is an ni-vector and

0]
N seee

ml *°° Smm

1,, 1 ) e s
I o A L PR L B A b FLe B I b U
i3 |y ' 1. 4 PR

iAicidjiaij + 565 jiaj’ ; i#3

and R is an mxm matrix with each element specified by

- ' - _j_' 3 1 =1
aiBidiicibi ki ;s 1f i=j
ij
- .]; ' ] . ' . .
2(aiBidijcjbj + ajsjdjicibi)’ if  i#j3

Then, system (4.1) is absolutely stable if the matrix

Qs
{g}{}J is negative definite.

It is interesting to note that this result is somewhat

similar to that obtained by Lefschetz [12] for systems with

multiple feedback. System (4.1) may be written in the form

that Lefschetz uses:

X = Ax -~ B¢ (0)
y = Cx (4.5)
o = Dy

where x' = [zi...zi], ¢(0) is the m-vector with each element

m m
of the form ¢.(c.), A is an Z n. x I n; matrix of the form
v i=1 i=1 *
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3 T
A 0
A m
2 |, Bis an I n,xm matrix of the form
.. i=1
o .y
b1 (o)
b m
2 , C is anmx I n; matrix of the form
L ] i=l
-O bm_
ci 0
L] .
c2 and D is an mxm matrix of the form [dldz...dm]'.
: 9
_0 cm-

Choosing V(x), like Lefschetz, as

o
V(x) = x'Px + ! $' (n)dn
0

one obtains

| 1
- t ' - ' 1 Pu =
DV 4.5) = ¥ (A'P+PA)x - ¢' (B P} > DCA)x
- x'(PB~- %A'C'D')¢ - ¢'DCB¢
Adding and subtracting the nonnegative guantity (c'-¢'K~l)¢
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where K is an mxm diagonal matrix with each diagonal element

ki' one gets

DV 4 5) = X' (A'P4PA)x - ¢'(B'P- 3DCA- 5C'D')x

- x' (PB- %A'C'D'— %DC)¢

- ¢' (DCB+K 1) ¢ -c(4'- 'K 1) o

1 1

- [P | ] f - ZAVAITY 3 &
= xTieT|ATRAPA | CPBRACDTR DOX
1 1 -1
-B'P+5DCA+5C'D'| -DCB-K o
~[o"-¢'K 119
-Pl o]
If P is chosen to be of the form P2 . then the
(0] Pm

above partitioned matrix, which has to be negative definite
to guarantee absolute stability of system (4.5), bears a

IE

striking resemblance to the partitioned matrix {E]|“;] which

has to be negative definite for the absolute stability of
system (4.1). Since Equations (4.1) and (4.5) represent the
same system, the stability result obtained here is shown to
be quite similar to that obtained by Lefschetz. However,

‘the elements of the matrices 0O, S and R are different from

the matrices obtained by Lefschetz's method by factors that
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depend on the ui's and Bi's, which are chosen arbitrarily.
For this reason, there is more flexibility in the method

that looks at thelsystem in terms of its subsystems and
interconnections and may possibly produce better results than

the method used by Lefschetz.

A similar result can be obtained for system (4.3)
with isolated subsystems (4.4). The Lyapunov function for
each isolated subsystem is chosen again as

g

- i
vy = zjP;z; + Bifo ¢; (Mdn

Then the Lyapunov function for the whole system is

m m

g.
V= I a,2!P.2. + I o.B. J'l¢-(ﬂ)dn
i=1 111 1 i=1 11 0 1
and
m m
' ] - '
DVig.3y = L 0325 (AlP;+P.A;)z; - 2 1 a;2;P;b ¢y
i=1 i=1
m m m m
+ Z a.B.9¢. d..c'z. ~ % a.B.9. Z 4..v.9.
j=1 * %5 j=1 13 3 3 =1 %1% j=1 137545
. ~ ~ ’?1,1
= [zq-..zpip--.0,1 [0 §]|:
~.'~ ~ z
St R| m
9
-¢m-

where the partitioned matrix is of the same form as before

~

.'s that constitute the matrix S

except that the n,-vectors §ij
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are given by

- cidiiaisi - aipibi’ if i=j
ij
cidjiaje" if i#j

?
N |

and the elements fij's of the matrix R are given by

ak!

=1
= g(a;B;d; 47y + 0585455740,

ij
Again, this partitioned matrix has to be negative

definite for system (4.3) to be absolutely stable.

Application of the Popov Criterion

The absolute stability of the isolated subsystem (4.2)
can be determined by using the Popov criterion. If the

Popov condition

Ei + Re{(6;+jwB;)G; (Jw)} > 0 (4.6)
where

Gi(jw) = diici(ij”Ai)bi

is satisfied by subsystem (4.2), then the subsystem is
absolutely stable. Condition (4.6) has a geometric repre-

sentation as shown in Chapter 3. The condition is satisfied

if the modified frequency response

G;(w) = ReG; (jw) + FWIMG; (jw)
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lies strictly to the right of the Popov line passing through

S,
the point - %— of the real axis and having a slope of El
i i

By Theorem 3.9, the existence of a Popov line, that is,

.

satisfaction of condition (4.6), is a necessary and suf-
ficient condition for the existence of a positive definite

Lyapunov function for subsystem (4.2) of the form

o
v, = ziPizi + BiJo ¢i(n)dn

with a negative definite derivative

—_ [] [} - - l '
DV; (4.2) = 2%j(RjP;+P,A;)z; - 2¢; (P;b;- 3B8;d;;B5c;

-5 4..¢c.)'z.- (B.4..c'b.+ Ei) 2
3%1954%5) 23 1%1i%°%57 % ¢

i

provided (i) 6i >0, B; >0

1
and
(ii) B.d..c'b. + Ei >0 or
iTii"iv1 ki
S . 1 1
Bjd;jeibs*t o = 0, Pyb;- 383455805~ 38545465 =0

1

A method for the construction of the Lyapunov function
vy from the Popov line is outlined in the Appendix. The

| Lyapunov function V of the composite system (4.1) is
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taken to be a weighted sum of the m Lyapunov functions \A

of the m isolated subsystems (4.2) as in the previous section.
The existence of such Lyapunov functions V; are guaranteed

by the existence of the Popov line for the subsystems.

Hence, if the subsystems (4.2) satisfy the simple Popov
criterion, the Lyapunov functidn V for the composite system

(4.1) can be constructed. However, the absolute stability of

0| s]

composite system (4.1) still depends on the matrix ‘EH'E

which can be found easily once V is constructed. The in-
herent difficulty in using the Direct Method of Lyapunov is
in finding a suitable Lyapunov function and so the applica-
tion of the Popov criterion makes it easier by providing a
method to construct such a function for this class of systems.
This method to determine absolute stability for the class
of systems described by Equations (4.1l) should be compared
to the multidimensional Popov criterion developed by several
authors and discussed in Chapter 3. System (4.1) can be
described by the Equations (4.5) and by Theorem 3.10 this
system is absolutely stable if there exist diagonal matrices

a>0, >0, a+B>0 such that

1

(i) (aK 1+ BDCB + XK Ta + B'C'D'B) > 0

and

1

(i1)  (o+Bs) (W(S)+K™ ™) > 0
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where W(s) = DC(sI-A)B and A, B, C, D, K are as defined

earlier.

Condition (ii), unlike the simple geometric Popov cri-

terion, is sometimes difficult to establish especially in

the case of large systems. W(s) for system (4.5) written

in terms of its subsystems is of the form

r l l ] "'1
1 L ]
(sI A ) b
Wis) = d,1°1 1
(sI-3,) b d_c! (sI-Ay) "Iy
9m1°1 1’ 1 e An

and so, finding the matrix (a+B8s) to satisfy condition (ii)

for a large system is usually difficult. It may be easier

to establish the simple geometric Popov criterion for the

which has to be negative definite.

Applications

Example 4.1: Consider the system

% -ax - f(y)

¥

-by - g(x)

where £(0)=0, g(0)=0, 0<yf(y)§kly2 and 0<xg(x)§kzx2.

can be written as

Qs
m subsystems and constructing the partitioned matrix {Eq'ﬁ}

(4.7)

This




s R
-1 |

Narendra and Neuman [18] show how the multidimensional Popov

P

~p

> (4.8)

criterion can be used to solve this system. For the inter-
connected system approach, this system may be written as

consisting of the isolated subsystems

%X = -ax - £f(o) and ¥ = -by - g(g&)

and the interconnections

=y and £ = x

Let
2 (o)
vV, (x)-= pyx + Bljo f(n)dn
_ 2 2
and
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= L _ 11
DV 4.g) = [x ¥ gl | -20,2p, 0 i @1P;  F-50,8,a
|
l1 1
2Py | 372% PP %2R
_______ —— - - - —
|
11 1
~%Py 3 E“lslb: Tk % By
!
11 : 1
Lf’?“zsza ~GaPpy 1 ~0gB; Tk

-(0-£/kqy) £-(E-9/k,) g

Now Oqr Opy Bl' Bor Pyr Pyr wnich are all positive scalars

can be chosen such that this matrix is negative definite.

For instance, a choice of

=1 =1
@8y = Br %282 T 3
yvields the matrix
B

-2¢ca 0 -€

0 -2be 0
-€ 0 —%—

1

0 -€ -

| a

1

ab 1 _a _ 1 c B
k1K, 2k 2

@;Pp = @yp, = €20
0
-
1

b

1

Ky

if

1 2
l—za
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Hence, if €>0 is chosen to be arbitrarily small, the condi-

tion for system (4.8) to be absolutely stable is

ab - klk2 >0

This condition is the same as that obtained by the Routh-
Hurwitz criterion on the linearized system. The same result
was also obtained by Narendra and Neuman using the multi-

dimensional Popov criterion.

Example 4.2: Consider a somewhat more complex system

X -x - £(5x+2y)

(4.9)

¥y = =2y - g(x+5y)

where £(0)=0, 0<0f(0)<k,0°, g(0)=0 and 0<ig(§)<k,&%. This

may be written as

RN (W R i
| ¥ | 0 -2]ly 0 1jig(&)

[ 07 5 2||=x

e| [ os)ly J

In this case

o

> (4.10)

To use the multidimensional Popov criterion as shown by



Narendra and Neuman, the 2x2 diagonal positive matrices a and
B have to be found such that (a+Bs)(W(s)+K-1) is positive.
To use the interconnected systems approach the system

can be considered to be made up of the isolated subsystems

X -x =-£(0) and ¥ =2y - g(&)

o = 5x £ = 5y
and interconnected appropriately.
Let
2 o
Vl(x) = p1X + Blfo £(n)dn

2 3
P2Y + BZJO g(n)dn

Vy(y)
and

vV = alvl (x) + a2V2(y):

where Pyr Py Bl' B, are positive constants. Then

DV(4.10)=x ¥ £ 4]

[ -20;p; 0 "%“181+%'“1P1 '%“252+% X
0 —4a2p2 -2&161+1 -a282+%—p2a2 A4

—§u131+g-alpl -20,8,+41  -50,8; - %I 208, £

:%“252+% "0,845Py0, %8 308" %5 L9

£ ’ 9
-(o-==)f - (E-+2)g
Ky ky
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. - _ 1 _ . .
Choosing 0Py = 1, 0 Py = 1, alsl = 3 “282 = 1, this matrix

becomes
ol :‘_ =
-2 0 7 0
3
6 -4 0 3
1 5 1
= 0 - - -1
4 2 kl
3 1
0 -= ~1 =-5=
2 kzj

which is negative definite. It is also obvious that k; and
k2 do not affect the negative definiteness of this matrix.
Hence system (4.10) is stable in the sector (0, «) for

both £(o) and g(§).

Example 4.3: Consider the system

2, = Ajzy - byoy (o) ]
o, =clz, + d_ . clz
N (4.11)
Zy, = Byz, = by0,(0,)
Oy = 4370327 + C32;
where
0 1 0 0 1]
= = - = 1
-1 -3 -3 1 0

andg



0 1 0 -l] 1
A = ’ b = I'3 C = ’ d = .
2 -2 -3 2 1 2 l} 21 3
and
¢, (04) ¢, (0,)
0 < _l__l_ < 7 and 0 < _E__g_ < 3 .
Ul - 02 -2

The first isolated subsystem is

21 = B12) - byd; (0y)
0y = €17

The transfer function for the linear part of this subsystem
is

Gl(s) = ——._]'_._3_
(s+1)

and the application of the Popov criterion is shown in Figure
(4.4(a)). The Popov line is chosen such that §;=1, Bl=l. Then,
the Lyapunov function Vl is found by referring to the step by

step construction procedure outlined in the Appendix:

' = [0.5 0.5 0}, =t = 0.143, v = -0.125.

D is chosen to be I which gives u=l.

Then & is chosen to be 0.018. This gives a g suéh that

g’ = [-0.684 -0.21 0.479] from which one obtains
0.483 0.143 -0.328 1.002 1.233 0.241
Ql = 0.143 0.059 -0.1 r Pl== 1.233 1.664 0.421

-0.328 -0.1 0.244 0.241 0.421 0.181
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o
1
ziplzl + Bljo ¢1(n)dn

Then V1 =

3

I 1 |

1 3

2

l.>////’ >

1 14 1 1 3
2 4 4 2 4 - .
2 1 1

L 3 "3 O 3
= G?* (w) _ 1 *
4 1 3 Gz(w)
1 _2

-37 3t

23
4 - 1

-1

Figure 4.4.
system (4.11)

Th.¢ second isolated subsy=stem is
29 = B2y = Dyoy(0y)
- L]
92 T ©2%2
which has the linear transfer function

s-1 _
(s+1) (s+2)

Gy(s) =

By applying the Popov criterion, one obtains 61=1, Si=1.

Popov criterion for the isolated subsystems of
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If D is chosen to be I, then 2' = [-1.5 -1.5], T = 1.667,
v ==1.5, @ = 0.25. Then ¢ is chosen to be 0.6 which gives
q' = [2.32 2.32]. Then

6 5.4] 1.6 1.5
Q = |g 5.4/ and Py, =17 ¢ 1 5| 2nd

o]
Vy = 23P525 + BZJOZ $5(n)dn
Qs .
The matrix |— —| for this system with a, =1 and o, =1
s*| R L 2

then becomes

~0.483 -0.143  0.32 0 [ 0.259 0.125
~0.143 -0.059 0.1 0 : 0.079  0.125
0.328 0.1  -0.244 0 | -0.181 0
0 0 0 -6 -6 | —0.075 o
S_ v __ o _wa_sa om0
0.259  0.079 =-0.181 =-0.074 -0.075| -0.143 -0.025
[ 0.125 0.125 O 0 0 | -0.025 -1.667]

The eigenvalues of this matrix are calculated to be -11.401,
-1.697, -0.876, -0.6, -0.015, -0.007 and -0.0002 by a computer
program using double precision. Hence, the matrix is negative
definite and system (4.11) should be absolutely stable. How-
ever, the eigenvalues close to zero suggest that the system

may be lightly damped.
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CHAPTER 5. INSTABILITY AND BOUNDEDNESS

As discussed in Chapter 3, various authors have estab-
lished sufficient conditions for the exponential and asymp-
totic stability of composite systems. In this chapter
results are stated and proved which yield sufficient condi-
tions for these systems to have unstable or bounded responses.
The procedure employed in the proof of each result is similar
to the procedure used by Michel [14]. The Lyapunov function
for the composite system is obtained by a weighted summa-
tion of the Lyapunov functions for each isolated subsystem
and the conditions for a particular type of system behavior
is found from the requirements of the derivative of this
composite Lyapunov function. Some examples of the direct

application of these results are included.
Instability Theorems
Consider the system

= £f(x,t) + g(x,t) = h(x,t) (5.1)

where £, g and h belong to class E and are mappings from
R™xJ into R®. Let system (5.1) be decomposed as

m ,
= £;(z;,t) + jilgij(zj't)' ieM = {1,...,m} (5.2)
j#i

2
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n; n. n. n,
where fi:R xJ+R lrg'ij:R IxJ+>R and where [zi,...,zé] = x'.

This is the same as system (3.13) with decomposition (3.12).

The ith isolated subsystem is represented by

(5.3)

Theorem 5.1: If, for each isolated subsystem 2; =

fi(zi,t), ieNcM, there exists a Lyapunov function Vi(zi't)

with the following properties:
. 2 2
(1) =c;qlz; " 2 v (z5.8) < —c 5124
(ii) DV < -c..lz,1?
i(5.3) — 7i3'7i

for all z; such that |z;| < h; and all teJ where cjy, C;5/
C;37 Cia and h; are positive scalars; if, for each isolated
subsystem z. = fi(zi,t), i#N, ieM, there exists a Lyapunov
function V;(z;,t) with the following properties:

|2 12

(1) eyylz;17 < Vy(z5,8) < cyplzy
(1) DV, (5 3y < -ey3lz;]°
(1ii)  |W,(z5,t) | < cy,lz4]
for all z, such that |z;| < h; and all teJ where c i, C;,s
C;3+ C;4 and h, are positive scalars; if Igij(zj't)l

ﬁlkij[z,[ for all 25 such that lzjl < hj’ for all ted and
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for all i, jeM, i#j, where kij are positive scalars; and if

there exist ai>0, ieM such that the matrix S = (Sij) defined
by

1 . g
S.. = f(aici4k" + a.c., k.:), 1if i#j

ij ij j34731

is negative definite; then the equilibrium x=0 of composite

system (5.1) with decomposition (5.2) is unstable.

m
Proof: Let V(x,t) = I o;V;(z;,t). If z; = 0 for igN
i=1
and |z;| < h; for ieN, then
z -aicillzilz S Vx,t) = I eV, (z,,t)K E-aicizlzilz,
ieN ieN TieN

that is, V(x,t) is negative and bounded from below in a

domain bounded by the hypersurfaces Izi] = h;, ieN and V = 0.
Now,
m m m
DV = I o.DV. + I a.VV!(z.,t) T g..(z.,t)
(5.1) j=1 1+ 1(5.3) T T T R B
J#i
m p m m
-0.C: . + 2 z .C. 2. Z.
< iil a1é13lzl' Pty j=la1c14' il JI
J#L
in the domain where |zi| < h; for ieM. Let y' = [lzll...lzm]]

and let R = (rij) be a matrix such that

-Q.C. if i=3
i~i3 '’ J

r.. = . . g
ij aici4kij’ if i#j
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Then,

DV (5.1) < Y'BY = 3¥' (R+R')y = y'Sy

Since S is symmetric and negative definite, A ax(s) is nega-

prit

. 2 _ 2 . . _
tive and DV Amax(S)lyl = Amax(S)Ix[ in a neighbor

(5.1) =
hood of the origin, lzi] < hy, ieM.

Therefore, by Theorem 3.3, the equilibrium x=0 of system
(5.1) is unstable.

Theorem (5.1) establishes the sufficient conditions for
instability of the composite system when one or more of the
subsystems are unstable. 1In the hypotheses, the stable
subsystems are assumed to be exponentially stable in a
neighborhood of the equilibrium point. Other authors have
shown, as in Theorems 3.6 and 3.7, that composite system (5.1)
is stable if all its isolated subsystems are stable.

Theorem (5.1) shows that the system may be unstable if only
one of the subsystems is unstable.

In the above hypotheses the Lyapunov functions Vi(zi, t)
for the isolated subsystems are bounded by the functions
ciliziiz and cizlzil2 or their negatives. These bounds may be
replaced by more general radially unbounded functions ¢i1(|zi|)
and ¢i2([zi|), ¢;q+ ¢;,¢K, without any change in result.

This theorem can be applied to composite systems with

linear interconnections. Consider the system

x = f(x,t) + Cx = h(x,t), heE (5.4)
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where C 1s an nxn matrix, with decomposition
m
r C,.z., ieM (5.5)

i=1
This system is the same as system (3.14) with decomposition
(3.15) and its ith isolated subsystem is represented by

(5.3).

Corollary 5.1: If, for each isolated subsystem éi =

fi(zi,t), ieNcM, there exists a Lyapunov function Vi(zi,t)

with the following properties:
. 2 2
(1) =cjplzg|® < Vilz;, €) < -cy,lz;]

. s 2
(ii) DV; 5.3y < -c; 324

(iii) IVVi(zi, t)| < o,z

for all z; such that |z;| < h, and all teJ, where c;,.
Cj2s Cj3¢r ;4 @nd h; are positive scalars; if, for each iso-
lated subsystem 2i = fi(zi’ t), ifN, ieM, there exists a

Lyapunov function Vi(zi, t) with the following properties:

. 2 2
(1) eyylz; [ <V (20 £) < oyylz|

iy 2
(11) DV (5.3) < ~C;3lz;

——

(iid) |V (25, €) | < ey lz;l

for all z; such that lzil

A

hi and all teJ, where Cj1r Cji2r
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Cj3s Cj4 and hy are positive scalars; and if there exist

ai>0, ieM, such that the matrix S = (sij) defined by

~0.C. if  i=j
i~i3’ J

i35 11
is negative definite; then, the equilibrium x=0 of composite

systém (5.4) with decomposition (5.5) is unstable.

Proof: The proof is identical with the proof of Theorem

5.1 with kij

Similar results can be obtained for other types of

replaced by llcijll;

system configurations using similar procedures (see [14]).
Instead of doing that the next theorem deals with systems

described by difference equations. Consider the system
x(1+l) = fx(t),t] + glx(1),71] = hix(7),7] (5.6)

where £, g and h are in class E and are mappings from R™xI

to Rn, with decomposition

m v
z; (1) = £,[z;(1), ] + _E gij[zj(r), 1, i=1,...,m
Jj=1
31 | (5.7)
n. n, n. n, ‘
where fi:R 1xI1+R ’ gij:R JxI-R and [zi,...,z&] = x',

The ith isolated subsystem can then be represented by

zi(f+1) = fi[zi(T), 7] ' (5.8)
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The ith isolated subsystem and its interconnections are shown

in Figure (5.1).

I E =1 Unit Time Delay >
fi(- ,T) :
2. (1)
‘ 1
z, (7)

gim(° TS

Figure 5.1. The ith subsystem of system (5.6) and its inter-
connections

Theorem 5.2: If, for each isolated subsystem zi(r+l) =
fi[zi(r), T], i1ieNCM, there exists a Lyapunov function
Vi(zi, 7) with the following properties.

(1) =0z, 2 vitzy, T <m0y, (25D

(i1) AV; (5. g) < =cjl2;]

(iii) IVi(zi, )=V, (2, )] < Lilzi—zi
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for ail z,, z, such that |z,|] < h., |z,] < h, and all teI
i’ % it =74 it =71

where ¢il’ ¢i2€K and C; Li are positive scalars; if, for each
isolated subsystem Zi(T+l) ='fi[zi(T), T}, igN, ieM, there
exists a Lyapunov function Vi(zy, 1) with the following

propérties:

| A

(1) o570z < Vilzg, T < 6,0z ])

(A1) AV, (g5 gy S ejlzyld
(iii) |vi<Ei, T) - Vi(z,, T < LilEi-zil

for all z,, z; such that |z;| < h;, |z,]| < h; and all el

where ¢i1' ¢i2€K and Cs» Li are positive §calars; if

]gij(zj, )] < kijlzj] for all z; such that Izj[ < By for

all teI and for all i,jeM, i#j, where kij are positive

scalars; and if there exists a matrix S = (sij) defined by
C, if i=j

S.. =

-Likio, if i

with all its successive principal minors positive; then the
equilibrium x=0 of composite system (5.6) with decomposi-

tion (5.7) is unstable.

Proocf: Let o' = [al...am] be an arbitrary vector with
m
oy >0, i=1,...,m, and let V(x,T) = iﬁlaivi(zi' T). If
z. = 0 for i¢N, then

1
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- I ozdsqz;]) < V(x,T) = I asVi(zg, 1)
ieN * il - ieN

-2 a0,z )
ieN

that is, V(x,1) is negative and bounded in the domain

bounded by the hypersurfaces ]zil = h, and V=0. Then

m m
AVi (5.7) = lilaivi{fl(zll'f) + 321 ij(zle)r T+1]
J#1

m

- Zlalvl[z ¢ T]

m m

= I oy {vy [f (z:,T)+ Z g;:(25,1T),T+11]
i=1 i j=1 ii'®;

j#1

- Vi[fi(zi,T),T+l]}

m

m m m o]
< I oL, |g (z.,T)| = Z a.c;lz
- =1 ivi j= ijto3’ j=p 11774
J#l

Iox 25 = 3 age;lz]
<z Z a.L.k. - I a.C.izZ;
= gmp g FEAID T L N

j#i

Let y' = [|z;],...,]2,|1. Then the above inequality may be
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written as

-y
AV(5.7) < =-a'Sy

Since S has positive principal minors and sij_<_0 for all i#j, S_l

1

exists and all elements of S — are nonnegative [14]1. Hence,

can always be chosen such that ¢'S > 0. Then AV(5 7 <0

for x=0 and AV = 0, x=0, for all teI. Therefore,

(5.7)
the equilibrium x=0 of system (5.6) is unstable.

Applications

Example 5.1: Consider the system

il = 2xy + 2%, 1

xz = X + 3x2

k3 = gl(xl) + a(t)x4 + 92(x6)

X, = g3(x;) - x5 = 2a(t)x, f (5.9)
;= x, + V3 X, = 20xg + x62

*6 = X, + X3 = XgXe = 25X, - XgX.

X, = b(t)x) + X3 + XgXg = 20x, |

where g, (x;) < % %y, a(t) is a continuous function such that

a”l(t) exists for all teJ and % < a~t(t) < 1 and
-1
da " (t) 1
0 < =gg— < 1lr9y(xg) < Xgr 93(xy) < F Xy, b(t) < 1 for
all ted.

Let the first isolated subsystem be

o
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. x1 2 2
z1 = Alzl where 2y = X5 and Al =11 3 and

= _.-2 1 = t
vV, = ziPlzl where P; = [ 1 _1]. Then, DV, = 279;2, where

-6 o
Q =| o -2| @d

: 2 2
(1) -2.62]z,|" < v, < -0.38]z, |

. 2
(ii) DV, < -2|z]

(iii) |vvy| < 5.24]z;].

This is obviously an unstable subsystem.

Let the second isolated subsystem be

X, 0 af(t)
2, = Az(t)z2 where 1z, = and Az(t) =

X4 -1 -2a(t)

242 t(t) 1
and V2 = zéP2(t)22 where Pz(t) = 1 1

-2 0
Then DV, = 21Q,(t)z where Q,(t) =
2~ T2F27 2 2 [ 0 -4a(tj

and (i) %lzzlz <V, 5.%|22|2

. 2
(ii) ov, < -2|z,|

(i;i) |, < 7]z,]

This isolated subsystem is stable.

Let the third isolated subsystem be
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2
x5 -20x5 + Xg
zy = f(z3) where z; =|x.| and £(z5) = ~XgX¢ _ 25%g = XgXq
x7 x5x6 - 20x7
and
_ 1,
V3 =3 2323 .
Then .
- - 2 _ 2 _ 2
DV3 zéf(z3) = 20x5 25x6 20x7
and

. 1

(1) 3 |z3]% 2 V3 <5 |24]
. 3

(ii) DV5 < -20|z,]

(i11) |Wy| < |zg]

This isolated subsystem is also stable.
The interconnections between the subsystems are given

by (using the notation of Equation (5.2))

912 (Zz) =0

- |

g, (x,)

_1°1'"1 1 1

921(21) = g3(x2) where gl(xl) < 7 %, and g3(x2) e
g23(zl) = 0 where gz(xG) < Xg

L -

0 1

g31(zl) = 1 1 2y where b(t) <1 for all ted

b(t) 0
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0o V3
932(22) = 1 0 22
1 0

-

the conditions Igij(zj)] < kijlzj} for i,j = 1,2,3, i#j.

Then using Q4 = 8, = 03 = 1, one obtains

r 7 T
2 el 1
= |1 _
S = 8 2 5
1 5 -20]

Since S is negative definite, system (5.9) is unstable.

Example 5.2: Consider the system

zl(T+1) ==alzl(r) + bl¢1(cl(1)) W

oy (1) = cjz, (1)
2, (T+1) = Byz, (1) + by, (0y(T)) | (5.10)

02(1) = czzl(T) y

n

2 . .
where zzeR ’ Az is a n,xn, matr:.x,'zl 1

||A2|| <1, c;s b, are n,-vectors, c,, b; are scalars and

eRl, a er?, lay[>1,

2
¢i(ci), i= 1,2, are real, single valued functions such that
¢$.(0.)

- i'‘i

¢i(0) = 0 and 0 < _“E;__-i LY ci#o, where kl' k2 are

constants. System (5.10) is a discrete system analogous to

the type of continuous systems considered in Chapter 4.
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Let the first isolated subsystem be

Zl (t+1) = alzl (T)
with

vV, = -|z

1 Then

1l

AV, = Izl]-lalzll

and so
(1) 'lzil .<_Vlf.'|zi|
(i1) Avy < - (Iall—l)lzl[

(iii) |Vl(El,T) - Vl(z,r)| < ]El—zll.
Let the second isolated subsystem be

22(T+l) = A222(T)

with
v, = |zzl. Then
v, = IAlzzl Izzl
and so

(i) |22| 2V, < |z, |
(11) av, < -(1-]|a,]]) |z,]
(1id) |V, (2,, )=V, (2, 1) | < |Z,-2,]

The interconnections may be bounded as
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]glz(zz,T)]= Ibl¢l(ci22)| < kllblllcll|z2| and

Then choosing o, = o 1, one obtains

1 2 =

lal =1 -k Ibylley]

'kzlbzllczl l'!lAzil

For S to be positive definite, the following condition must

hold
(léll'l)(1‘||A2|l) > kyky|by | {by]leg]les]

The first isolated subsystem was unstable because of

the assumption lall > 1 and the second isolated subsystem
was stable because ||A,|| < 1. However, the sufficient

condition for the instability of the whole system requires

that |a;| and ||A,|| be different from 1 by a factor de-

pendent on the interconnections.
A Boundedness Theorem

Theorem 5.3: For the system (5.1) with decomposition

(5.2), if, for the isolated subsystems z.

i . fi(Zi,t), iEM'

there exist Lyapunov functions Vi(zi,t) defined on teJ and

z; such that lzil > B; that satisfy the following conditions:
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(1) ¢;,Uz5]) < Vi(zi,t) < d550 25 D)

. 2
(ii) DV (5 3) < -c;3lz;

(iii) VWV (z5,t) | < ey, lz; ]

where ¢il’ ¢izeK and are radially unbounded and C;3r Cj4 are

positive scalars; if (z ) | <k, for all z: such that

1]' j! J
, for all teJ and for all i,jeM, i#j; and if there

1955

|zleBj

exists ai>0, ieM, such that the matrix S = (sij) defined by

{ =Q;C;3r if i=j
S.. =
iJ

7(alcl4klj+a3cj4kjl) if  i#3

is negative definite; then the trajectories of the system

(5.1) with decomposition (5.2) are uniformly bcunded.

m
Proof: Let V(x,t) = I a.V.(z.,t). Then
—_— j=p 11774

Z o, ¢

m
Ltz ) s Vi) < 2 age5(]25 )

for teJ and for all x such that |z;| > B;, ieM. Since

m

z al¢1JeK, j =1,2, V is positive definite outside a region
i=1

which includes the equilibrium point and is radially un-

bounded. Then

m m m
(5.1) j=1 i(5.3) i=1 =1 ijt?;
jFi
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Tagislzy)? + 1 PAIEN
< = Zac 4 + I L o,C.k..12:1]|32.=
- i=11.13 i =1 §=1 I i4713'°1 j
j#1
for teJ and z,, z4 such that |zi| > By Izjl > By. Let
y' = [lzl]...]zmll and R = (rij) be an mxm matrix
defined by
{-aici3, if i=j
r.. =
ij . . .
aici4kij’ if  i#j
Then
' =_]_-.l ' = st 2
DV(S.l) < Y'Ry = 5 y' (R+R')y = y'Sy < Amax(S)le

Hence DV 5 ,, is negative for all teJ and x such that |z;]>B; .
ieM. Therefore, the solutions of (5.1) are uniformly bounded.
Analogous theorems for systems with linear and other

kinds of interconnections can be formulated in a similar
manner. Also, a similar theorem can be stated and proved
for systems described by difference equations by making the

usual modifications.
Application

Example 5.3: Consider the system (4.1) from Chapter 4

with the nonlinearities violating the sector conditions:
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Ne
I
>
N
l.l
1
o
=
©-
[N
Q
| ol
~r

i=1l,.e.,m (5.11)

oy
1
Q
N

. diy = L d,.Y.
i i¥ 3=1 i3¥3

Q
Il

where A, is an n.xn. matrix, b. and ¢. are n.-vecto . i
i ¥y ’ i i e i ectors, al is

an m-vector and y; and o, are scalars. Also, A, is a stable

-~

matrix, (Ai,bi) and (A},c;) are completely controllable and
¢i(ci) is a real-valued piecewise continuous function of o4

such that there exist real numbers o, > 0, k; > 0,

¢;(05) -
0< = < k., Jo.| >0,
o5 i it =71

and

O.
lim J T o(n)dn > .
o7 0

The ith isolated subsystem may be represented by

Z. = A.z2. - b.¢.(0.)
1 1 1 11 1 (5-12)

p— [}
0 = €i%;

and this is the direct control problem except that the

nonlinear -element satisfies the sector condition only for

values of o, such that [o,| > 0;.

Wu and Manke [23] have shown that subsystem (5.12)

is uniformly bounded if the Popov condition

i, Y 3
E; + Re(Gj_*JwBi)Gi(Jw) > 0



74

is satisfied. They show that the Lyapunov function construc-

ted from the Popov line

g.
— ' l
A zipizi + Bi Jo ¢i(n)dn

is positive definite and radially unbounded and DVi(S 12)
n .

is negative definite for all z,eR 1 and Ioil > m,;, m;>0.

et the Lyapunov function V for the composite system be

V= I aiVi. Then V is positive definite and radially un-
i=1

bounded and DV is negative definite for all xeR"? and

(5.11) Q1s

i=1,...,m, if the matrix fgjl ] , defined in

logl >m;. R,
Chapter 4, is negative definite. .
In Chapter 4 it is shown that system (4.1) is abso-
lutely stable if each subsystem satisfies the Popov cri-
terion and if the above partitioned matrix is negative defi-
nite. It is shown here that if the nonlinearities of this
system are not always confined within the gain sector but the
system satisfies the other conditions, the system is uni-

formly bounded.



75

CHAPTER 6. COMPENSATION

In this chapter a simple method for compensation of
composite systems is outlined. In Chapter 5, theorems are
stated and proved for the instability of composite systems
when one or more of its isolated subsystems are unstable.
In this chapter conditions for the stability of composite
systems that have some unstable subsystems are established
in a theorem. The nature of the S matrix in this theorem,
that has to be negative definite for stability, suggests a
method of compensation by adding local negative feedback
to some of the subsystems. It must be pointed out.here that
this interconnected systems approach only establishes suf-
ficient conditions for stability or instability. Sometimes
it may not be possible to establish either stability or in-
stability for a system by this method. Then, to guarantee
stability it may be necessary *o compensate the system even
though it may be stable already, unless, of course, some

other method of stability analysis can be found.
A Stability Theorem

Consider the system

x = f(x,t) + g(x,t) = h(x,t), £,9,heE (6.1)

with decomposition
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m
zZ., = fi(zi’t) + L g

{z.,t), dieM = [1,...,m] (6.2)
1 J=1 .

iJ '3
The isolated subsystems can then be represented by

éi = fi(zi,t), ieM - (6.3)

Theorem 6.1: If for each isolated subsystem éi =

fi(zi,t), ieNcM there exists a Lyapunov function Vi(zi,t)

with the following properties:

. 2 s 2

(1) ejylz;1% < Vilz5,8) < 25502

(ii) ¢ |z |2 < DV: < c:qlz |2
;412517 2 DYy (6.3)% C53124

(iii) vvi(zi,t)gijfzj,t) < aij|zi!|zj|, jeM
n nj

i , s
for all zieR ,zjeR and teJ,wherecil,ciz,ci3,ci4arepm51t1ve
scalars; if, for each isolated subsystem 2i = fi(zi't)'

i#N, ieM, there exists a Lyapunov function Vi(zi,t) with the
following properties:

. 2 2
(i) cillzil < Vilzg,t) < c;olz;
S ' 2
(11) DV; g 3y (2508) < cy3lzy]

(iii) Vilz;,)g;5(z508) < a;5]z;llzg],  JeM

n,

n.
for all z;€R l,zst J ana tsJ,wherecil,cizare positive scalars

and c;5 is a negative scalar; and, if there exist ai>0, ieM,

such that the matrix S = (sij) defined by
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ai(ci3+aii), if i=j
= is negative definite,

S.. =
ij l._ . . 4.
2(aiaij+ozjaji), if  i#j

then, the equilibrium x=0 of system (6.1) is uniformly

exponentially stable in the whole.

m
Proof: Let V(x,t) = I qa, V (zl,t)
i=1
Then m
Z n.
m e |
Z c;qlzg |2 SVEx,E) 2 Lcy,lzg |2 for all xeR*~!
i=1l i=1
and tedJ.
Now,
m BV
= hX —_— '
V(6.1) i=1al ST (zl,t) + lila VV (z . £) fi(zi,t)
m : m
+ I a.V.(z.,t)' I s t).
Z% l( i’ ) i lglj(zJ )
m m m
= Z VV. t)' Z g.. .
i#l iP 1(6.3);_=1a 1(z a2 J_lglj(zj't)
m 2 m m
< I a. c 2 + I T d.a..[z.]lz.
Choose

y' = [zg]-.. 2yl
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and matrix R = (rij) with

{ ai(ci3+aii), if i=j

i3 s s
aiaij’ if i#j
Then
' - ;l-_ ' ' = '

DVig.1) SY'Ry = 5 y'(R+R")y = y'Sy
Therefore,

DV < A___(8)] ]2 = 2 (S)lx|2 where XA___(S)

(6.1) — "max 4 max max

is negative because S is symmetric and negative definite.
Therefore, the equilibrium x=0 of the system (6.1) is uni-
formly exponentially stable in the whole.

This theorem establishes the sufficient conditions for
stability of the composite system that may (or may not) have
some subsystems that are unstable. It should be noted

that the isolated subsystems 2.

i = fi(zi,t), ieNCM are

unstable and all the others are stable.
An analogous theorem for systems represented by the

difference eguations
x(t+1) = flx(1),t] + glx(1),1] = h[x(1),T]

with decomposition

m
zi(T+1) = fi[Zi(T),T] + jilgij[zj(T)’T]' ieM
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can be formulated in a similar manner by making the obvious
modifications. The compensation scheme outlined in the

next section for continuous systems can be applied similarly

to discrete systems of this type.
Compensation

In Theorem 6.1 the final test of stability of system

ij)'

For S to be negative definite a necessary condition is that

(6.1) is the negative definiteness of the matrix S = (s

each diagonal element Sii be negative. Now,

L2 = 0. (C.,*a. .
sll OL:L(C:I.3 all)

and a; is positive. Hence, sii<0 implies

.o +a.. <
c13 a11 0

The scalar C53 is negative for stable isolated subsystems
and positive for unstable isolated subsystems. The scalar
a;; is dependent on the feedback loop around the ith sub-
system. Therefore, if there is no negative feedback around
an unstable subsystem to make Siyi < 0, the composite system
cannot be shown to be stable by the present method.

This suggests a method by which a system can be
guaranteed to be stable. First, a well-known theorem [21]

on the definitions of matrices with "dominant" main

diagonal is stated:
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For a real nxn matrix B = (b..), if

1]
£ b,
b-' > Z b.- ’ i=1,2,.-.,n
i#1

then all the characteristic roots of B have positive real
parts. |

Since S is symmetric, its characteristic roots are all
real. Hence a sufficient condition for S to be negative
definite, that is, to have only negative characteristic
roots, is that -S has a "dominant" main diagonal.

If S is not negative definite, the diagonal of -S can
be made "dominant" by reducing the values of the n scalars,
asis, i= 1,..;,n. This can be done by applying negative

feedbacks ui(zi,t) to the isolated subsystems. Since

' 2 -
Wilz;,t)g i (z.,t) < ag;lz,| i=1,...,n

the addition of a negative feedback ui(zi,t) such that

2
Wilzg,thug(zg,t) < -k, |z;]%, k;>0

to the ith subsystem, reduces the value of a,, by k;-
A subsystem with interconnections is shown before and

after compensation in Figures 6.1 and 6.2.
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Figure 6.1. The ith subsystem of system (6.1) with inter-
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Figure 6.2. The ith subsystem of system (6.1) after compen-

sation with interconnections



82

Applications

Example 6.1: Consider the system

%

1 fl(zl,t) + C

2
1272 | (6.4)

2

o = fa(zy/t) + Cyy2q

Assume that for the first isolated subsystem
21 = fl(zllt)

there exists a Lyapunov function Vl(zl,t) such that

2 2
=c1312317 2 Vi (2g,8) < =ep,]z]

— 2 2

IVVl(zl,t)I < cl4|zll

n
1l . — o
for all zleR and ted with Cy17 ©127 €337 ©137 C14 positive

scalars. This subsystem is obviously unstable. Also,

assume that for the second isolated subsystem
22 = f2(22,t)

there exists a Lyapunov function Vz(zz,t) such that

2 2
Cy1l2a1" 2 V,y(25,8) < cpylz,]

2
DV, (z,,t) < -c23|22|
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|VV2(zz,t)l < cyulz,l

n

2 .
for all zzeR and teJ with Cyqr Coor c23, c

scalars. This subsystem is stable.

24 positive

Then the hypotheses for Corollary 5.1are satisfied and

the matrix S has the elements
S11 T T%3C3137 Sp2 T T0pC,3v

1
S12 = S22 = F(03C14l1Cyall+eyeyqllCon D

Choosing
ci4l1Cyol cogllCyy
becomes
_
e o]
C1411Cy o101
S =
L __ C23
i C2411Co111]

From Corollary 5.1, it follows that the system (6.4) is un-

stable provided that

C., ,C

13723

l1eall e Il < ===
12 21 C14C04

To compensate this system so that it will be stable a feed-

back ul(zl,t) is needed for the first subsystem. For the

first subsystem, choose a Lyapunov function



84

Vl (zllt) = —Vl(zl't)
Then

2 = 2
c12|zll Vl(zl’t) < clllzll

A

2 - 2

cy3l271% < DV (248) < &)302]
VVi(zl,t)gll(zl,t) =0
Vvi(zl’t)glz(z2't) hs c14|lclzll Izlllzzl

For the second subsystemn,

2 2
c21|22| S Vy(zyst) < cyalz,]
2
DV, (2,,t) < -cys]2,]
VVé(Zz,t)QZI(let) i CZ4IIC21Il|22‘llzll

Vé(zzlt)gzz(zzlt) =0

This satisfies the hypothesis of Theorem 6.1. The S matrix

of this theorem, on choosing the same value of a, and a, as

before, becomes

€13 1
s = | CaallCaall
C
1 To eI To |
| 2411C 111 ]

As would be expected for an unstable system this S is not
negative definite. Now, apply the feedback ul(zl,t) on the

first subsystem such that
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’ — 2 6-5
Vvl(zl't)ul(zl't) f_ kllzll ( )
Then, the new S matrix of Theorem 6.1 becomes
c137K; L
C411C35l
1 ___Sa3
i ¢24,rc21”J
which is negative definite if
c.,C
14724 (6.6)

kp > 3 * el ey =52
Hence the unstable system (6.4) after compensation becomes

= f_ (z,,t) + u,(z,,t) + C,,2
1'71 1“1 122 (6.7)

22 = fz(Zz,t) + Czlzl
which is stable if ul(zl,t) satisfies the conditions (6.5)

and (6.6).

Example 6.2: Consider the unstable system of Example

(5.1) For the first subsystem choose

e me1D .
vy = m23P7

where Pl is the same as before. Then

2 2
0.38|2,|% < V(z;) < 2.62]z,]

DV, {(2)) < 6]z;]°
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Let Vz(zz,t) and V3(z3,t) be the same as before. Then

VV]'_ (z) 912 (zz ') = 0

1 -
VVl(Zl) 913(Z3rt) -

By o

Wh(zy,t) gpq(2)) <7 l2,] |24

Wilz3.t) g35(25) < 3|z5] |z,]

and all gii(zi,t) =0, 1i=1,2,3.

This satisfies the hypothesis of Theorem 6.1 and the S

matrix is

;
6 7 1
.

s=|g =2 5
|1 5 -20

S is not negative definite as would be expected of an un-
stable system.

Choose a feedback ul(zl) such that
V! (z.)u. (z,) < -8|z, |2
1*“1771'°1° - 1

for the first subsystem. Then the new S matrix is
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- 7 n
-2 g 1
7
g 2 5
| 1 5 -20-

which is negative definite.

A ul(zl) that will satisfy this condition is

-4 -4 b4

1

u, (z,) =
o E R T I '

since

F 4 =2] ”xl'

VVl(zl) =
--2 2_4 L xZ-

Hence, to render the system stable, the first two equations

of the system have to be changed to
X = 2x1 + 2x2 - 4x1 - 4x2 = -2xl - 2x2

X

2 x1 + 3x2 - 4x1 - 8x2 = -3x1 - 4x2
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CHAPTER 7. CONCLUSIONS

Results are obtained for stability, instability and
boundedness for systems which may be considered to be com-
posed of subsystems of lower orders appropriately inter-
connected. A particular result is used to develop a simple
method of compensation for unstable systems of this type.
The Lyapunov function for such a system is taken to be the
weighted sum of the Lyapunov functions of its subsystems.
The qualitative behavior of the system is then determined from
the interconnections and the Lyapunov functions of the sub-
systems.

A problem in using this method is the determination of
appropriate Lyapunov functions for the subsystems. It is
shown that for a system which is made up of subsystems
described by the regulator equations, the Popov criterion
can be used. If this frequency domain criterion is used to
determine the stability of each subsystem, the Kalman-
Yakubovich Lemma provides a method of constructing a Lyapunov
function of the Luré type for each subsystem. The Lyapunov
function for the composite system is then determined and the
conditions for stability of such a system are established.
Since the stability of this class of systems can also be
analyzed by using the multidimensional Popov criterion, the

two methods are compared. It is shown that the main condition
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for stability in using the method developed here is the deter-
mination of a negative definite symmetric matrix of scalars
whereas in using the multidimensional Popov criterion, which
does not have a simple geometric construction, a positive
matrix of transfer functions has to be determined.

Conditions are established for instability of inter-
connected composite systems. It is shown that the composite
system is unstable if one or more of its subsystems are un-
stable together with some other conditions. Also,conditions
are established for the trajectories of a composite system
to be bounded. It is shown that if the above system that is
composed of regulator-type subsystems have nonlinearities
that are not always confined to certain gain sectors,
the system is bounded but not absolutely stable.

For unstable composite systems a simple method of
compensation is developed. First, conditions are estab-
lished for stability of a system when some of its sub-
systems are unstable and the others are stable. An unstable
system cannot satisfy these conditions but it is shown that
by adding negative feedback to some of the subsystems the
conditions can be met. A scheme to determine the gain of
the compensating feedback loop is developed.

Examples are included to illustrate these results.

In the course of this work certain questions have arisen

which remain unresolved. Some of these are as follows: (1)
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Since the Direct Method of Lyapunov, in general, provides only
sufficient conditions for the qualitative behavior of a system,
some conservativeness is expected in the answers. Given

that such conservativeness exists in the choice of Lyapunov
functions for the subsystems, do the results obtained here,
which are also sufficient, introduce another degree of con-
servatism in the answers for the composite system? If it

does, can it be measured?

(ii) If a system is decomposed such that no subsystem has
interconnections with itself, the results obtained indicate
that the composite system is stable when all the subsystems
are stable and some other conditions are satisfied. Such a
system is unstable when at least one subsystem is unstable
and similar conditions are satisfied. This leaves a large
gray area where these extra conditions are not met and
where the system cannot be shown to be either stable or un-

stable. Can this be improved?

(iii) Because of this conservatism the compensation scheme
may require feedback gains much higher than what is necessary.
Also, only negative feedback for the subsystems was tried for
compensation. Can better schemes for compensation be
~devised? Some method of modification of the interconnec£ing

structure to attain stability may hold some promise.



91

(iv) The results obtained are dependent on the judicious
choice of the weighting factors for the summation of the
Lyapunov functions for the subsystems. Can a method be
developed for the choice of the optimal weighting factors?
Since one usual condition for the desired behavior of the
system is the definiteness of a cdnstructed matrix which is
dependent on these weighting factors; the Optimal choice has

tc be linked with the definiteness of the matrix.

(v) For the class of systems that utilizes the Popov
criterion to find the Lyapunov functions for their sub-
systems, stability is conditioned on the negative definite-~

ness of the matrix [EL Lf% . However it is already known

S'| R
that partitions of this matrix, Qi' i=1,...,m, and

————— , 1i=1,...,m, are negative definite since each

subsystem is stable. Can this knowledge be utilized to find
conditions on the other elements of S and R that will guaran-

tee negative definiteness of the whole matrix?
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APPENDIX: THE KALMAN-YAKUBOVICH LEMMA

In this appendix, the proof of Theorem 3.9 is presented..
This theorem shows the equivalence of the Popov's criterion
and Luré's Lyapunov function for the regulator system with
one nonlinearity. The most important step in the prcof is
the Kalman-Yakubovich Lemma which is also stated and proved
here. A method of constructing the Luré Lyapunov functicn
from the Popov condition is déveloped in the lemma and the
steps are clearly outlined separately at the end of this ap-
pendix. Although this material is available in the more
recent literature [11], [12], [24], the presentation here is
somewhat different in approach and matches the rest of this

dissertation more closely.

Theorem 3.9: For the system represented by

X Ax - bo (o)

(A.1)
g =c¢c'x
where A is an nxn stable matrix, b and ¢ are n-vectors, (A,b)

and (A',c) are completely controllable and ¢:Rl+Rl, ¢ (o)

is piecewise continuous, ¢(0) =0,

0 < ¢é°) < k, 0 # 0, 0<k<w,

the (Luré) Lyapunov function,
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(¢}
V=x"Px + 8 I ¢ (n)dn
0

where P is an nxn symmetric, positive matrix and B is a

(A.2)

scalar, is positive definite and radially unbounded and its

derivative,
DVia.1)

where

= -x'0x - 26(Pb-2)'x - T¢% - &(o- )4

(A.3)

Q = -(A'P+PA) is an nxn matrix (necessarily symmetric

and positive definite),

£ = % BA'c + 1 6c is an n-vector,

2

T = Bc'b + % and § are scalars,

is negative definite if and only if

% + Re{ (5+jwB)c' (jwI-A) "Ib} > 0

for all w>0 together with
(1) 6>0, B>0

and

{(ii) Tt>0 or t=0, Pb-2 = 0.

(A.4)

Before the proof of this theorem is presented the fol-

lowing lemma is stated and proved:
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Kalman-Yakubovich Lemma: Let A be a matrix whose

eigenvalues have negative real parts, D be a symmetric, posi-

tive definite matrix, b and % be vectors such that (A,b) and

(A',2) are completely controllable, and t>0 and £>0 be

scalars. Let the vector g and matrix P (necessarily sym-
metric and positive definite) be connected by the equa-

tions:
(A.5)

A'P + PA = -qq'-eD
Pb-2 = v/1q (A.6)

Then a pair (q,P) exists if and only if
T + 2Re{%' (uI-a) b} > 0 (A.7)

is satisfied for all w, O<w<e.

Proof: The necessity of Condition (A.7):

Suppose
P,q satisfy Conditions (A.5) and (A.6). Then (A.5)

yields
jwP-PA-jwP-A'P = gq'+eD. (A.8)

Let
S = jwI-A. Then S* = -jwI-A'

and (A.8) may be written

PS + S*P = gqq' + €D - (A.9)
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1

Premultiplying by b's*”1 and postmultiplying by S 'b and

substituting Pb and b'P from (A.6), (A.9) may be written as

b's* L(e+/Tq) + (2+/7q)'s b
= p's* 1gqq's™ b + eb's* lpsIb

Since each term is now a scalar, the terms may be trans-

posed:
281y + osl 4 /?q'é’lb + /—?q's'lb
= (¢'§1b) (g's™tb)' + eb's* Ipsip
i.e. 2Re{2's Ib} +2/?Re{q's’lb} = lq's'lbl2 + eb's* Ips7lp
i.e.  t+2Re{2'sIb} = |q's b-v7|? + eb's* Ips™lb  (a.10)
Since D is Hermitian and positive definite, s* 1ps™1 is aiso

Hermitian and positive definite. Hence, the right hand

side of (A.10) is positive and so

1

T+2Re{L' (jwI-A) "b} >0 for O<w<=

The sufficiency of Condition (A.7):

Suppose (A.7) holds. Then let

v = lower bound [2Re{fiwI-A) 1lb}]

and
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1 = upper bound [b'S* lps™lpj.

lb are both real rational

since Re{2's !b} and b's* Ips”
continuous functions of w with the numerator having a lower
degree than the denominator, both v and p exist.

Then choosing € < (t+v)/u, (A.7) may be changed to

T + 2Re{2'S 1b} - eb's* Ips”ib > 0 (A.11)
Then define y(s) = |sI-A| = s® + ansn-l toout ay
and

e, = b

en_1 = (A+anI)b

_ n-1 n-2
e, = (A +anA Fooot aZI)b
1

Since (A,b) is completely controllable, b, Ab, ..., A" p
are linearly independent. Therefore, €1r €5scncs are

linearly independent and form a basis on which A and b may

be written as

(0 1 0 ... 0] 0]
o 0 1 * o & O 0
A= = : |ana B=1|:| ,
--al "a2 -a3 e e e -anJ | 1 B
that is, A = lar anda B =1"1b (A.12)
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where
L = [el ey --- en]
To show (A.12), 1A = [el e, .. en]A
| = [Ae1 Ae2 .o Aen]
= AL
and
b = [el €y .- en]b =e, = b.
Let
h=1Lh-= [ﬁl...ﬁn] for any heR™ and then
h' (s1-3) b = h'rn " t(s1-a) 11 "1b = B (s1-3) 1B
= Ih h r - T70]
[hl"°hn] s 1 0 ... 0 0
0] s -1 ... 0 0
La1 a2 a3 oo (an+s)_ Ll_
~ > ~ n-1
h,+h,s +...+ h_s"
-1 2 n (A.13)

¥ (s)

Since the inequality (A.1l) has a real rational function in

w on the left hand side,

T+2Re{%'S” b} - eb'sS*

it may be written as

n(Jw) 12

*ps™p = =1y Ger

(A.14)
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Substituting
sl = (ui-a)"! = -a(wlr+a?) Toj0(wlea?) T
and
.2 . . . . 2_..2
fyGw) |© = xGw)x(=3w) = |joI-a]|-jwI-a| =|w 1+a°]

(A.14) may be written

[1-22"2 (w21+22) h-ecb's* " 1ps-1b] |wi1+a2] In(Gw) |2

(A.15)
Since the left hand side of (A.15) is a polynomial

in w2, it may be decomposed into factors of the form
w2 + a2 = | juwtal?

and

w20 (02-vH)+ (0% 2 = | (Gu) 242500+ (0247 D) |2

and Equation (A.15) may be written as
. 2 2 2 4 2 2 2
In(w) |7 = 1w +a 1T [w +202 (o -y )+(p2+y2) ]
Then,
- I 2. 2. 2
In(Gw) | = VTI[jwtalT[(jw) “+2jwp+(p“+Y“) ]

Let & be the vector whose elements are the coefficients of

the (n-1) degree polynomial vTy{jw)-n(jw). Then by (A.13)

&l (ij-A)—l}; - @(%Ug;;‘; (Jw) = q' (jUJI—A)—lb

where g = L' 13 . Therefore,
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. 2
e e S 2 _ nQJuw)
|[g' (jwI-A) “b-/T| lw(jw)l
= T+2Re{2'S-lb} —ab'S*-lDS-lb
that is,
1+2Re{2'S Tb} = ]q's"lb-/ﬂz + eb's* 1psTlp

This is Equation (A.10) and so by retracing the steps of the
necessity proof backwards, it may be shown that the
constructed g satisfies (A.5) and (A.6). However, g is not
unique but convenient. This completes the proof of the
lemma.

Before proving Theorem 3.9 it has to be shown that

Equations (A.4) and (A.7) are equivalent:

Substituting for T and 2, (A.7) may be written

Bc'b + % + 2Re{(:—2L- BA'c + %_-ac)'(jmx—A)'lb} > 0,

that is,

8

% + Bc'b + Re{Bc'A(jwI-a) t

b + 8c' (5wI-A) b} > 0,

that is,
8 ' . ¢ -1 . ' g -1
¥ * Bc'b + Re{jwBc' (jwI-A) “b-~Bc'b+éc' (jwI-A) b} >0

which on rearranging, becomes (A.4)

% + Re{ (6+3wB)c’ (jwI-a) "lb} >0
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Proof of Theorem 3.9: The necessity of Condition (A.4):

Suppose V of (A.2) is positive definite and radially un-

bounded and DV of (A.3) is negative definite. Then

(A.1)
Condition (i) must hold. If 1>0 and Pb-% = V/1g, then

. ] T 2
DV (a.1) = ~%x'(Q-a@")x - (q'x + V19)" - & (o= $6  (a.16)
which implies that Q-qg' = eD is positive definite. Hence

(A.5) and (A.6) hold and then by the Lemma (A.7), that is,

(A.4) must hold. If t=0 and Pb-% = 0, then

= —'O0x=8 (5= 2
Dv(A.l)_— x'0x-§ (o k)¢ (A.17)

which implies that Q= gqg' + ¢D is positive definite. Again
by the Lemma (A.7) and hence (A.4) are satisfied.

The sufficiency of Condition (A.4): Suppose (A.4)‘holds
together with conditions (i) and (ii). Then (A.7) holds
and by the lemma a pair (g,P) exists satisfying (A.5) and

(A.6). If t>0, DV may be written in (A.16).

(A.1)
Since D = Q-qg' is positive definite, DV(A 1) is negative

definite. Since Q = gg' + €D is positive, P is postive
definite, which together with condition (i) implies that V is

positive definite. If t=0, Pb-%2 = 0, then DV may be

(A.1)

written as in (A.17). Since Q is positive definite, P must

be positive definite and together with condition (i), this

implies that DV is negative definite and V is positive

(a.1)
definite and radially unbounded. This completes the proof
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of the theoreﬁ.

The method of constructing the Luré Lyapunov function
(a.2) for system (A.l) from the Popov criterion (A.4) is
developed in the sufficiency proof of the Kalman-Yakubovich
Lemma. For convenience it is presented here in a step by
step method:

(1) Given the data for system (A.1), that is, A, b,

c and k

(2) From the Popov criterion (A.4), § and B are ob-

tained, 8/8 being the slope of the Popov line

(3) 2, 1, v, ¥ and £ are calculated as follows

L = %BA'C + léc

2
T=8c'b+%
v = lower bound [2Re{2'(ij—A)-lb}]

1

i = upper bound [b' (-jwI-A) 1D (juI-2) 1b]

where D is an arbitrary, symmetric, positive definite matrix

(a frequent choice of D is the identity matrix),

T+V

(5

(4) The polynomial in w2

1 1

Trr-22'2(w?1+a%) TTb-eb' (-juI-2") 1D (juI-a) T1b] |wP1+a?|

is decomposed into the forms w2+a2 and w4+2(p2—72)m2+(p2+72)

(5) The n-vector q is made up of the coefficients of
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the (n-1l) polynomianl /Ty (s)-n(s), where

v(s) = |sI-a]
and
n(s) = /7l (s+a) T (s2+2ps+p2+v2)
(6) g = M_lé is calculated where
i n-1 n-2 ]
b' (A +anA A aZI)'
M =1 .
b'(A+anI)
b' J

(7) P is then calculated from A'P+PA = -qq'-¢eD

(8) P may be checked by Pb-% =/Tg
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